In this paper, we modify Halpern and Mann's iterations for finding a fixed point of an infinite family of quasi-φ-asymptotically nonexpansive mappings in the intermediate sense in Banach spaces. We prove a strong convergence theorem of the iterative sequence generated by the proposed iterative algorithm in a uniformly smooth and strictly convex Banach space which also enjoys the Kadec-Klee property. The results presented in this paper improve and extend some recent corresponding results. MSC: 47H09; 47J25
Introduction
Let E be a real Banach space with the dual space E * and let C be a nonempty closed convex subset of E. We denote by R + and R the set of all nonnegative real numbers and the set of all real numbers, respectively. Also, we denote by J the normalized duality mapping from E to  E * defined by Jx = x * ∈ E * : x, x * = x  = xhttp://www.journalofinequalitiesandapplications.com/content/2013/1/306
Remark . The following basic properties of a Banach space E can be found in [] : (i) If E is a uniformly smooth Banach space, then J is uniformly continuous on each bounded subset of E. (ii) If E is a reflective and strictly convex Banach space, then J - is norm-to-weak * continuous. (iii) If E is a smooth, reflective and strictly convex Banach space, then the normalized duality mapping J : E →  E * is single-valued, one-to-one and surjective.
(iv) A Banach space E is uniformly smooth if and only if E * is uniformly convex. If E is uniformly smooth, then it is smooth and reflective. (v) Each uniformly convex Banach space E has the Kadec-Klee property, that is, for any sequence {x n } ⊂ E, if x n x ∈ E and x n → x , then x n → x. See [, ] for more details.
(vi) If E is a strictly convex and reflective Banach space with a strictly convex dual E * and J * : E * → E is the normalized duality mapping in E * , then J - = J * , JJ * = I E * and
Next, we assume that E is a smooth, reflective and strictly convex Banach space. Consider the functional defined as in [ Following Alber [] , the generalized projection C : E → C is defined by
That is, C x = x, where x is the unique solution to the minimization problem φ(x, x) = inf y∈C φ(y, x). The existence and uniqueness of the operator C follows from the properties of the functional φ(x, y) and strict monotonicity of the mapping J (see, e.g., [-]). In a Hilbert space H, C = P C .
Let H be a real Hilbert space, let D be a nonempty subset of H, and let T : D → D be a nonlinear mapping. The symbol F(T) stands for the fixed point set of T. Recall the following. T is said to be nonexpansive if
(  .  )
T is said to be quasi-nonexpansive if F(T) = ∅ and
T is said to be asymptotically nonexpansive if there exists a sequence {μ n } ⊂ [, ∞) with μ n →  as n → ∞ such that
The class of asymptotically nonexpansive mappings was introduced by Goebel and Kirk [] . Since , a host of authors have studied the convergence of iterative algorithms for such a class of mappings.
T is said to be asymptotically quasi-nonexpansive if F(T) = ∅ and there exists a sequence
Let C be a nonempty closed convex subset of E, and let T be a mapping from C into itself. A point p ∈ C is called an asymptotically fixed point of T [] if there exists a sequence {x n } ⊂ C such that x n p and x n -Tx n → . The set of asymptotical fixed points of T will be denoted by F(T). A point p ∈ C is said to be a strong asymptotic fixed point of T, if there exists a sequence {x n } ⊂ C such that x n → p and x n -Tx n → . The set of strong asymptotical fixed points of T will be denoted by F(T).
A mapping T : C → C is said to be relatively nonexpansive
A mapping T : C → C is said to be relatively asymptotically nonexpansive if
A mapping T : C → C is said to be quasi-φ-asymptotically nonexpansive if F(T) = ∅, and there exists a real sequence {μ n } ⊂ [, ∞) with μ n →  as n → ∞ such that 
Remark . The asymptotically (quasi-)φ-nonexpansive mapping in the intermediate sense is a generalization of the asymptotically (quasi-)nonexpansive mapping in the intermediate sense in the framework of Banach spaces.
Definition . An infinite family of mappings
: C → C is said to be uniformly quasi-φ-asymptotically nonexpansive in the intermediate sense if
If we define
Many problems in nonlinear analysis can be reformulated as a problem of finding a fixed point of a nonexpansive mapping. In , Mann [] introduced the iteration as follows: a sequence {x n } defined by
where the initial guess x  ∈ C is arbitrary and {a n } is a real sequence in [, ]. It is known that under appropriate settings the sequence {x n } converges weakly to a fixed point of T. However, for nonexpansive mappings, even in a Hilbert space, the Mann iteration may fail to converge strongly; for example, see [] . Some attempts to construct the iteration method guaranteeing the strong convergence have been made. For example, Halpern [] proposed the following so-called Halpern iteration:
where u ∈ C is fixed, x  ∈ C is arbitrarily chosen and {a n } is a real sequence in [, ].
Recently, Nilsrakoo and Saejung [] modified Halpern and Mann's iterations introduced the following iteration to find a fixed point of the relatively nonexpansive mappings in the Banach space:
They proved that {x n } converges strongly to F(T) u, where {α n }, {β n } are sequences in (, 
), F(T) is the generalized projection from E onto F(T).
Iteration methods for approximating fixed points of asymptotically nonexpansive mappings, quasi-φ-nonexpansive mapping, quasi-φ-asymptotically nonexpansive mapping have been further studied by authors (see, e.g., [, -]).
Quite recently, Qin and Wang [] introduced the following iterative scheme to find a fixed point of the quasi-φ-asymptotically nonexpansive mappings in the intermediate sense in a reflective, strictly convex and smooth Banach space such that both E and E * have the Kadec-Klee property:
They proved that the sequence {x n } converges strongly tox = i∈ F(T i ) 
Preliminaries
Throughout this paper, let E be a real Banach space with the dual space E * and let C be a nonempty closed convex subset of E. We denote the strong convergence, weak convergence of a sequence {x n } to a point x ∈ E by x n → x, x n x, respectively, and F(T) is the fixed point set of a mapping T.
Lemma . []
Let E be a real uniformly smooth and strictly convex Banach space with the Kadec-Klee property, and let C be a nonempty closed convex subset of E. Let {x n } and {y n } be two sequences in C such that x n → p and φ(x n , y n ) → , where φ is the functional defined by (.), then y n → p.
Lemma . []
Let E be a smooth, strictly convex and reflective Banach space and let C be a nonempty closed convex subset of E. Then the following conclusions hold: Proof We shall divide the proof into six steps.
Step . We show that ∞ i= F(T i ) and C n are closed and convex for each n ≥ . Using the similar methods given in the proof of Theorem . by Qin and Wang [], the conclusion that F(T i ) is closed and convex subset of C for each i ≥  can be easily obtained. Therefore
∞ i= F(T i ) is closed and convex in C.
Again, by the assumption, C  = C is closed and convex. Suppose that C n is closed and convex for some n ≥ . Since for any z ∈ C n , we know
Hence the set C n+ = {z ∈ C n : α n z,
Step . We show that
Since E is uniformly smooth, E * is uniformly convex. For any given q ∈ ∞ i= F(T i ) ⊂ C n , we observe that
On the other hand, it follows from Lemma . that for any positive integer l >  and for
This shows that q ∈ C n+ . Further this implies that
is nonempty, C n is a nonempty closed convex subset of E and hence C n exists for all n ≥ . This implies that the sequence {x n } is well defined.
Step . We show that {x n } is bounded and {φ(x n , x  )} is a convergent sequence. It follows from (.) and Lemma . that
From the definition of C n+ that x n = C n x  and x n+ = C n+ x  , we have
Therefore, {φ(x n , x  )} is nondecreasing and bounded. So, {φ(x n , x  )} is a convergent sequence, without loss of generality, we can assume that lim n→∞ φ(x n , x  ) = d ≥ . In particular, by (.), the sequence {( x n -x  )  } is bounded. This implies {x n } is also bounded.
Step . We prove that {x n } converges strongly to some point p ∈ C. Since {x n } is bounded and E is reflective, there exists a subsequence {x n i } ⊂ {x n } such that x n i p (some point in C). Since C n is closed and convex and C n+ ⊂ C n , this implies that C n is weakly closed and p ∈ C n for each n ≥ . From
Since the norm · is weakly lower semi-continuous, we have lim inf
and so
, and so x n → p . Since x n i p, in view of the Kadec-Klee property of E, it follows that
Since {φ(x n , x  )} is convergent, this together with
. If there exists a subsequence {x n j } ⊂ {x n } such that x n j → q, then from Lemma .(a), we have that
This implies that p = q and
Step . We show that p ∈ ∞ i= F(T i ). Since x n+ ∈ C n+ , it follows from (.) and (.) that Again, since
this together with (.) and the Kadec-Klee property of E shows that
By the assumption that T l is uniformly L l -Lipschitz continuous, we have
This together with (.) and x n → p shows that lim n→∞ T Step . We prove that
This implies that
This completes the proof.
In Theorem ., as T i = T for each i ∈ N , we can obtain the following corollary. Let {x n } be a sequence generated by Proof Setting α n ≡  in Theorem ., then we get that y n = z n . Thus, from the method of the proof of Theorem ., we obtain Corollary . immediately.
In the Hilbert space, the following corollary can be directly obtained from Theorem .. 
